Morphisms of tautological control systems by Xia, Qianqian
ar
X
iv
:1
90
8.
03
56
2v
1 
 [m
ath
.O
C]
  8
 A
ug
 20
19
Noname manuscript No.
(will be inserted by the editor)
Morphisms of tautological control systems
Qianqian Xia
Received: date / Accepted: date
Abstract In this paper, we investigate morphisms of tautological control sys-
tems. Given a tautological control system H on the manifold N and a mapping
Φ : M → N , we study existence of tautological control system G on the man-
ifold M such that there exists a trajectory-preserving morphism (Φ,Φ#) from
G to H. Sufficient conditions are given such that reachability of H implies the
reachability of G. Correspondence between the notion of lifting ordinary con-
trol systems and morphisms of tautological control systems are examined. We
give an application of the above results to the class of second-order type control
systems, where the special structure of second-order type leads to additional
results.
Keywords Tautological control system · Morphism · Reachability ·
Trajectory lifting · Second-order type
1 Introduction
Morphisms of ordinary control systems have been studied by several researchers.
From a theoretical point of view, the study of morphisms is interesting since
it reveals system structures that must be understood. And it can help us solve
the analysis and design problems for ordinary control systems which are often
difficult due to the complicated nature of the equations describing the sys-
tems. Among the existing works the notion of quotient control systems has
been introduced by different authors. In [1], the analysis of the Lie algebra of
an ordinary control systems leads to a decomposition into smaller systems. In
[2], the problem of reduction for ordinary control systems with symmetries is
studied. In [3], [4], Pappas et. al study abstractions of control systems where
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a constructive procedure was proposed to compute smaller systems. In [5],
Tabuada and Pappas study quotients of ordinary control systems by the use
of category theory. In [6], quotients of Lagrangian mechanical control system
are investigated. In a certain sense all the above work focus on the notion
of projection. A different research direction is taken in [7], where the notion
of lifting ordinary control system is introduced. In this paper, we will study
morphisms of tautological control systems introduced by Lewis in [8]. It is to
be seen that our research is in the same direction as in [7].
Tautological control systems proposed by Lewis provide us with a frame-
work that models systems in a manner that does not make any choice of
parameterisation by control. This framework is able to handle a variety of
degrees of regularity: finitely differentiable, Lipschitz, smooth and especially
real analytic. Due to the use of sheaf theory, the framework can deal with
distinctions between local and global, which are unnoticed in current control
theory. The problem to be explored in this paper goes as follows.
Given a Cν tautological control system H = (N,G ) on the Cr manifold N
and a mapping Φ ∈ Cr(M,N) whereM is a Cr manifold. We will be interested
in answering the main questions:
(i) Does there exist a tautological control system G = (M,F ) such that
there exists a trajectory-preserving morphism (Φ,Φ#) from G to H? (ii) When
does the reachability of H imply the reachability of G?
See Section 2 for the definitions of tautological control system and trajectory-
preserving morphism, and the precise information about ν and r above.
Similar question has been studied in [7] in the context of ordinary control
systems, where the systems are assumed to be only C1 control systems. Here
we deal with tautological control systems. It is know in [8] that given an ordi-
nary control system, we can associate a tautological control system to it. With
the correspondence between trajectories of an ordinary control system and its
associated tautological control system as claimed in [8], then the useful system
theoretic properties can be found in the framework of tautological control sys-
tem without having to go back to the ordinary control system framework. See
Section 2 for detailed interpretations of the correspondence between ordinary
control system and tautological control system.
Our work here is different from the work in [7]. First, the answer to the
question in [7] is localised, and distinctions between local and global are not
well dealt with. Our work tries to understand the passage from local to global
and patch together local constructions to give global constructions. It is to be
seen that with the aid of sheaf language, globally defined control constructions
can be got. Second, our work also investigate the case of real analytic systems.
Real analyticity plays an important role in geometric control theory (e.g. Orbit
Theorem [9]). However, real analyticity hasn’t been well understood in control
theory. One reason is that the underlying geometry is a lot different from
smooth differential geometry, and the techniques of real analytic differential
geometry are difficult to learn and to learn to apply. In this paper we try to
make some discussions on real analytic system with the aid of sheaf theory.
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Our work is in the framework of tautological control system introduced
by Lewis and Jafarpour in [8] and [11]. Here we focus on the structure of
trajectory-preserving morphism of tautological control systems. The main re-
sult (see Theorem 3) provides a sufficient condition for the reachability of H to
imply the reachability of G. Compared with the framework of ordinary control
system, it is to be seen that there is something different in the framework of
tautological control system, where there is no choice of parameterisation by
control.
The paper is organized as follows. In Section 2 we provide some basic no-
tions and present some known results that will be needed for the subsequent
work. Section 3 contains the main results. Question (i) is investigated for sys-
tems with different degrees of regularity. For question (ii) we give sufficient
conditions for the reachability of H to imply the reachability of G. An ex-
tended result for small-time local controllability is presented. Correspondence
between the notion of lifting ordinary control systems and morphisms of tauto-
logical control systems are examined. In Section 4 an example of second-order
type control systems is studied. Compared with the main theorem for general
tautological control systems in Section 3, we get supplementary results for this
class of systems due to the special structure properties of second-order type.
2 Preliminaries
Throughout the paper, manifolds are supposed to be second-countable Haus-
dorff manifolds. We will use the letter n to denote the dimension of the man-
ifold M . The tangent bundle of a manifold M is denoted by πTM : TM →M
and the cotangent bundle by πT∗M : T
∗M →M . The derivative of a differen-
tiable map Φ :M → N is denoted by TΦ : TM → TN , with TxΦ = TΦ|TxM .
If I ∈ R is an interval and if ξ : I → M is a curve that is differentiable at
t ∈ I, we denote the tangent vector field to the curve at t by ξ′(t) = Ttξ(1).
Let r ∈ Z≥0 ∪ {∞, ω}. The set of sections of a vector bundle E →M of class
Cr is denoted by Γr(E). We denote by Cr(M,N) the set of mappings of class
Cr from M to N .
For an interval I and a topological space X , a curve γ : I → X is measurable
if γ−1(O) is Lebesgue measurable for every open O ⊆ X . By L∞(I;X ) we
denote the measurable curves γ : I → X for which there exists a compact set
K ⊆ X with λ({t ∈ I|γ(t) /∈ K}) = 0, where λ is a Lebesgue measure, i.e.,
L∞(I;X ) is the set of essentially bounded curves. By L∞loc(I;X ) we denote the
locally essentially bounded curves, meaning those measurable curves whose
restrictions to compact subintervals are essentially bounded.
Letm ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and let r ∈ {∞, ω},
depending from the context. For a manifold M of class Cr and an interval
I ⊆ R, we denote the set of Caratheodory time-varying vector field of class Cν
by CFΓν(I;TM), the set of locally integrally Cν-bounded time-varying vector
fields by LIΓν(I;TM), and the set of locally essentially Cν -bounded time-
varying vector fields by LBΓν(I;TM). For a manifold M of class Cr and a
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topological space P , we denote the set of separately parameterised vector fields
of class Cν by SPΓν(P ;TM), the set of jointly parameterised vector fields of
class Cν by JPΓν(P ;TM). For detailed explanations for these concepts, we
refer to [8].
Definition 1 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and
let r ∈ {∞, ω}, as required. Let M be a manifold of class Cr. A presheaf of
sets of Cν -vector fields is an assignment to each open set U ⊆ M a subset
F (U) of Γ ν(TU) with the property that, for open sets U ,V ⊆M with V ⊆ U ,
the map
rU ,V : F (U)→ Γ
ν(TV)
X → X |V
takes values in F (V). Elements of F (U) are called local sections of F over U .
Example 1 Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m +m′,∞, ω}, and let
r ∈ {∞, ω}, as required. Let M be a manifold of class Cr. If X ⊆ Γ ν(TM)
is any family of vector fields on M , then we can define an associated presheaf
FX of sets of vector fields by
FX (U) = {X |U | X ∈ X }.
A presheaf of this sort will be called globally generated.
With the above definition of presheaf in mind, we have the following defi-
nition of tautological control system.
Definition 2 [8] Let m ∈ Z≥0 and m
′
∈ {0, lip}, let ν ∈ {m + m
′
,∞, ω},
and let r ∈ {∞, ω}, as required. A Cν -tautological control system is a pair
G = (M,F ) whereM is a manifold of class Cr whose elements are called states
and where F is a presheaf of sets of Cν vector fields on M . A tautological
control system G = (M,F ) is globally generated if F is globally generated.
Now we introduce a notion of a trajectory for a tautological control sys-
tem. Since trajectories are associated to ”open-loop systems”, we first discuss
”open-loop systems”. Let G = (M,F ) be a Cν -tautological control system.
An open-loop system for G is a triple Gol = (X,T,U) where T ⊆ R is an
interval called the time-domain, U ⊆ M is open and X ∈ LIΓν(T;F (U)). An
open-loop subfamily for G is an assignment, to each interval T ⊆ R and each
open set U ⊆M , a subset OG(T,U) ⊆ LIΓν(T;F (U)) with the property that,
if (T1,U1) and (T2,U2) are such that T1 ⊆ T2,U1 ⊆ U2, then
{X |T1 × U1 | X ∈ OG(T2,U2)} ⊆ OG(T1,U1).
The full subfamily for G is the open-loop subfamily OG,full defined by
OG,full(T,U) = LIΓ
ν(T;F (U)).
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The locally essentially bounded subfamily for G is the open-loop subfamily
OG,∞ defined by
OG,∞(T,U) = {X ∈ OG,full(T,U) | X ∈ LBΓ
ν(T;TU)}.
The locally essentially compact subfamily for G is the open-loop subfamily
OG,cpt defined by
OG,cpt(T,U) = {X ∈ OG,full(T,U) | for every compact subinterval T
′ ⊆ T
there exists a compact K ⊆ Γν(TU)
such that X(t) ∈ K for almost every t ∈ T′}.
The piecewise constant subfamily for G is the open-loop subfamily OG,pwc
defined by
OG,pwc(T,U) = {X ∈ OG,full(T,U) | t→ X(t) is piecewise constant}.
A (T,U)-trajectory for OG is a curve ξ : T → U such that ξ′(t) = X(t, ξ(t))
for some X ∈ OG(T,U). A plain trajectory for OG is a curve that is a (T,U)-
trajectory for OG for some time domain T and some open set U ⊆ M . We
denote the set of (T,U)-trajectories for OG by Traj(T,U ,OG) and the set of
trajectories for OG by Traj(OG). Then according to [11], we can assert that
for every x ∈ M, s ∈ R and X ∈ OG,full(T,U), there exists an open interval
JX(s, x) ⊆ T containing s such that ξ′(t) = X(t, ξ(t)), ξ(s) = x for almost all
t ∈ JX(s, x).
In the following, we introduce the concept of morphism of tautological
control systems. Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and
let r ∈ {∞, ω}, as required. Let G = (M,F ) be a Cν -tautological control
system, let N be a Cr-manifold, and let Φ ∈ Cr(M,N). The direct image
of G by Φ is the tautological control system Φ∗G = (N,Φ∗F ) defined by
Φ∗F (V) = F (Φ−1(V)) for V ⊆ N open.
Definition 3 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m + m′,∞, ω},
and let r ∈ {∞, ω}, as required. Let G = (M,F ) and H = (N,G ) be Cν-
tautological control systems. A morphism from G to H is a pair (Φ,Φ#) such
that
(i) Φ ∈ Cr(M,N) and
(ii) Φ# = (Φ#V )Vopen is a family of mappings Φ
#
V : G (V) → Φ∗F (V),V ⊆ N
defined as follows:
(a) there exists a family LV ∈ L(Γν(TV); Γν(T (Φ−1(V)))) of continuous
linear mappings satisfying LV′ = LV |Γν(TV ′) if V ,V ′ ⊆ N are open with
V ′ ⊆ V ;
(b) Φ#V = LV |G (V).
From the point of view of control theory, one wishes to restrict the above
definition further to account for the fact that morphisms ought to preserve
trajectories.
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Definition 4 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m + m′,∞, ω},
and let r ∈ {∞, ω}, as required. Let G = (M,F ) and H = (N,G ) be Cν-
tautological control systems. A morphism (Φ,Φ#) from G to H is trajectory-
preserving if, for each time-domain T, each open V ⊆ N , and each Y ∈
LIΓν(T;G (V)), any integral curve ξ : T′ → Φ−1(V) for the time-varying vector
field t → Φ#(Yt) defined on T
′ ⊆ T has the property that Φ ◦ ξ is an integral
curve for Y.
We have the following characterisation of trajectory-preserving morphisms.
Proposition 1 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m +m′,∞, ω},
and let r ∈ {∞, ω}, as required. Let G = (M,F ) and H = (N,G ) be Cν-
tautological control systems. A morphism (Φ,Φ#) from G to H is trajectory-
preserving if and only if, for each open V ⊆ N , each Y ∈ G (V), each y ∈ V,
and each x ∈ Φ−1(y), we have TxΦ(Φ#(Y )(x)) = Y (y).
Based on the above proposition, we then introduce the following definition,
which will be essential in our main reachability result to be proved in Section
3.
Definition 5 Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and let
r ∈ {∞, ω}, as required. Let G = (M,F ) and H = (N,G ) be Cν-tautological
control systems. We say that the morphism (Φ,Φ#) from G to H is global in
time if for each s ∈ R, each open V ⊆ N , each Y ∈ G (V), and each x ∈ Φ−1(V),
we have JΦ#(Y )(s, x) = JY (s, Φ(x)).
In the remaining part of this section, we will discuss correspondences be-
tween ordinary control systems and tautological control systems.
Definition 6 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and
let r ∈ {∞, ω}, as required. A Cν-control system is a triple Σ = (M,F,C),
where
(i) M is a Cr-manifold whose elements are called states.
(ii) C is a topological space called the control set and
(iii) F ∈ JPΓν(C;TM).
Proposition 2 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m +m′,∞, ω},
and let r ∈ {∞, ω}, as required. Let Σ = (M,F,C) be a Cν-control system. If
µ ∈ L∞loc(T;C) then F
µ ∈ LBΓν(T;TM), where Fµ : T×M → TM is defined
by Fµ(t, x) = F (x, µ(t)).
Let Σ = (M,F,C) be a Cν -control system. For an interval T ⊆ R, a T-
trajectory is a locally absolutely continuous curve ξ : T→M for which there
exists µ ∈ L∞loc(T;C) such that ξ
′(t) = F (ξ(t), µ(t)), a.e. t ∈ T. The set of T-
trajectories we denote by Traj(T, Σ). If U is open, we denote by Traj(T,U , Σ)
those trajectories taking value in U . To this control system we associate the
Cν tautological control system GΣ = (M,FΣ) by
FΣ(U) = {F
u|U ∈ Γν(TU) | u ∈ C}.
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The presheaf of sets of vector fields in this case is of the globally generated
variety.
Suppose we have a Cν-tautological control system G = (M,F ) where
F is globally generated. We define a Cν-control system ΣG = (M,FF ,CF )
as follows. We take CF = F (M), i.e. the control set is our family of globally
defined vector fields and the topology is that induced from Γν(TM). We define
FF : M × CF → TM
(x,X)→ X(x)
Proposition 3 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m +m′,∞, ω},
and let r ∈ {∞, ω}, as required. Let G = (M,F ) be a Cν-tautological control
system. Let Σ = (M,F,C) be a Cν-control system. Then the following state-
ments hold:
(i) if G is globally generated, then GΣG = G;
(ii) if the map u→ Fu from C to Γν(TM) is injective and open onto its image,
then ΣGΣ = Σ.
Proposition 4 [8] Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m +m′,∞, ω},
and let r ∈ {∞, ω}, as required. Let Σ = (M,F,C) be a Cν-control system with
GΣ the associated C
ν-tautological control system. Then the following state-
ments hold:
(i) Traj(T,U , Σ) ⊆ Traj(T,U ,OGΣ ,cpt);
(ii) if the map u → Fu is injective and proper, then Traj(T,U ,OGΣ ,cpt) ⊆
Traj(T,U , Σ);
(iii) if C is a Suslin topology space and if F is proper, then Traj(T,U ,OGΣ ,∞) ⊆
Traj(T,U , Σ);
(iv) if, in addition, ν ∈ {∞, ω}, then we may replace Traj(T,U ,OGΣ ,cpt) with
Traj(T,U ,OGΣ ,∞) in statements (i) and (ii).
3 Morphisms of tautological control systems
3.1 Existence of tautological control system
Theorem 1 Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m + m′,∞}, and
let r = ∞, as required. Let H = (N,G ) be a Cν-tautological control system
that is globally generated by a family of linearly independent vector fields, i.e.
pointwise-independent everywhere. Let M be a Cr manifold and Φ : M → N
be a submersion. Then there exists a globally generated Cν-tautological control
system G = (M,F ) such that there exists a trajectory-preserving morphism
(Φ,Φ#) from G to H.
Proof Due to the local representatives for the submersion Φ, for each Y ∈
G (N), and each xα ∈M , there exist a neighbourhood Uα ⊆M of xα and a Cν-
vector field Xα defined on Uα, such that TxΦ(Xα) = Y (Φ(x)) for each x ∈ Uα.
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Then we get an open covering {Uα} of M . Since M is a second-countable
Hausdorff manifold, let {(Wi, gi)} be a partition of unity subordinated to the
open covering {Uα} such that each open set Wi is a subset of an open set
Uα(i). Let X be defined by
X(x) =
∑
i
giXα(i)(x)
a finite sum at each x ∈M , then X is a Cν -vector field on M such that
TxΦ(X) =
∑
i
giTxΦ(Xα(i)(x))) =
∑
i
giY (Φ(x)) = Y (Φ(x)),
for every x ∈M . Let Φ#(Y ) = X . Then for all Y ∈ G (N), this gives a family
of Cν-vector fields on M denoted by X . Let F be globally generated such
that F (M) = X . It is easy to verify that (Φ,Φ#) is a trajectory-preserving
morphism from G to H.
Remark 1 In the above theorem the assumption on H = (N,G ) that is glob-
ally generated by a family of linearly independent vector fields is to make
sure condition (ii) in Definition 3 can be satisfied. In [7], existence of a lifted
system is discussed in the context of ordinary control system, where a trans-
pose mapping (dΦ)T of the differential mapping dΦ is used to construct the
vector fields of the control system. We should point out that the transpose
mapping (dΦ)T defined in a coordinate chart can not be defined globally as
claimed in [7]. When applicable, partition of unity is unavoidable to patch
local constructions to give global constructions.
Remark 2 From the point view of control theory, the above assumption on lin-
ear independence of vector fields is restrictive. However, consider the control-
affine system Σ = (M,F,C) with F (x, u) = f0(x) +
∑k
a=1 u
afa(x). Let H¯ be
its associated tautological control system. Suppose that f0, f1, · · · , fk are lin-
ear independent. Then with similar arguments as given in the above theorem,
we know that there exists a globally generated tautological control system
G¯ = (M,F ), which is associated to a control-affine system, such that there
exists a trajectory-preserving morphism (Φ,Φ#) from G¯ to H¯.
In the following we will discuss the case of real analytic system. To get
global results, we strengthen assumptions on the structure of the mapping Φ
because of the lack of partition of unity.
Theorem 2 Let H = (N,G ) be a Cω-tautological control system. Let Φ :M →
N be a real analytic vector bundle. Then there exists a Cω-tautological control
system G = (M,F ) such that there exists a trajectory-preserving morphism
(Φ,Φ#) from G to H.
Proof Since Φ : M → N be a real analytic vector bundle, then according
to [11], there exists a real analytic linear connection on M . Then for each
open V ⊆ N , each Y ∈ F (V), there exists a unique Cω- vector field X on
Φ−1(V) that is a horizontal lift of Y . Let Φ#ν (Y ) = X . Since the mapping of
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horizontal lift of vector field is a point to point linear mapping, it is easy to
check that the condition (ii) in Definition 3 can be satisfied. That is, (Φ,Φ#)
is a trajectory-preserving morphism from G to H.
Remark 3 Given a Cω-tautological control system H = (N,G ), let Φ :M → N
be a submersion, whereM is a real analytic manifold. Generally we can not as-
sert the existence of Cω-tautological control system G = (M,F ) that satisfies
the requirement of the above theorem. One reason is that in the real ana-
lytic case, to get globally defined sections, the useful tool is coherent analytic
sheaves instead of partition of unity. We say that a Cω-vector field X (function
f) on the open set U of M is projectable if there exists a Cω-vector field Y
(function g) on the open set Φ(U) of N such that TΦ(X) = Y (g ◦Φ = f). Let
G ωΦ (M) (C
ω
Φ (M)) denotes the presheaf of projectable vector fields (functions)
on M of class Cω . Then C ωΦ (M) is a sheaf of rings over M and G
ω
Φ (M) is a
sheaf of C ωΦ (M)-modules overM that is not locally finitely generated. In view
of this, for any point x ∈M , consider the local representatives for the submer-
sion on the neighbourhood Ux of x, Φ(x1, · · · , xn) = (x1, · · · , xm). Let F(Ux)
be the set of projectable vector fields on U of class Cω such that xj(X) = 0,
where xj denotes the jth coordinate of X ∈ F(U), j = m + 1, · · · , n. Then
the set B consisting of all open sets V ⊆ Ux for all x ∈ M is a basis for the
topology on M . It can be proved that under the restricting map rU,V we get
a sheaf F of sets on B, which gives a unique sheaf Fext of C ωΦ (M)-modules
over M . If M is locally compact, it can be seen that Fext is locally finitely
generated. However, analogous proof for Oka Coherence Theorem can not be
applied to Fext to prove the locally finitely generated properties for the sheaf
of relations of sections over open set U ⊆M .
3.2 Reachability preserving morphisms of tautological control systems
In Section 2, a notion of a trajectory for a tautological control system has
been introduced. It turns out there is a limitation of this sort of definition.
In order to being able to use the full power of the tautological control system
framework, we will introduce an appropriately extended notion of trajectory as
given in [8]. We consider the sheaf of time-varying vector fields on T×M , where
T is an interval. Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and
let r ∈ {∞, ω}, let T′ ⊆ T and U ⊆M be open. Define the sheaf LIG ν(T,TM)
by
LIG ν(T,TM)(T′ × U) = L1(T′,Γν(TU)),
where L1(T′,Γν(TU)) denotes the space of Bochner integrable functions with
values in Γν(TU). Consider the mapping X : W → Et(G νTM), where W ⊆
T ×M is open, G νTM denotes the sheave of sections of TM of class C
ν , and
Et(G νTM) denotes the etale space of G
ν
TM . Suppose X satisfies the following
properties:
(i)X (t, x) ∈ G νTM,x;
(ii) for fixed x, t→ X (t, x) is locally integrable;
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(iii) for fixed t, x→ X (t, x) is continuous in the etale topology.
From [8] we know the set of mappings from W into Et(G νTM) satisfying (i)
(ii) (iii) is an identification with local sections of LIG ν(T, TM) over W . Let
G = (M,F ) be a Cν-tautological control system. An etale open-loop system is
a local section over someW ⊆ T×M of LIG ν(T,F ). An etale open-loop sub-
system is an assignment to each W ⊆ T×M a subset GW ⊆ LIG
ν(T,F )(W)
such that if W1 ⊆ W2, rW2,W1(GW2) ⊆ GW1 . we will use GG,pwc to denote the
piecewise constant etale open-loop subsystem for G.
Definition 7 A trajectory for Cν -tautological control system G = (M,F ) is
an absolutely continuous curve t→ ξ(t) such that there exists X :W → Et(F )
satisfying (i) (ii) (iii) for some W ⊆ T×M for which ξ′(t) = evξ(t)(X(t, ξ(t)))
for almost every t, where evx : G
ν
TM,x → TxM is evx([X ]x) = X(x).
We say that x1 ∈ M is reachable from x0 ∈ M at time T ≥ 0 for G =
(M,F ) if there exists a trajectory ξ(t) for G = (M,F ) such that ξ(0) = x0
and ξ(T ) = x1. The reachable set from x0 for G = (M,F ) is RG(x0) =
{x ∈ M | x is reachable from x0 at some time t ≥ 0 for G = (M,F )}. We
define RG(x0, T ) = {x ∈ M | x is reachable from x0 at time T for G =
(M,F )}. The set of states reachable in time at most T is given by RG(x0,≤
T ) = ∪t∈[0,T ]RG(x0, t). We will say that the tautological control system G is
reachable from x0 ∈M if RG(x0) =M. We will use RG(x0,GG,pwc) to denote
the set of points that are reachable from x0 ∈ M by the piecewise constant
etale open-loop subsystem for G.
Definition 8 Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and let
r ∈ {∞, ω}, as required. Let G = (M,F ) be a Cν -tautological control system.
We say a set C ⊆M is a reachability set for G if for every (x, z) ∈ C ×C the
point z is reachable from the point x at some time t ≥ 0 for G = (M,F ).
Proposition 5 Let m ∈ Z≥0 andm′ ∈ {0, lip}, let ν ∈ {m+m′,∞, ω}, and let
r ∈ {∞, ω}, as required. Let G = (M,F ) and H = (N,G ) be Cν-tautological
control systems. Suppose that there exists a trajectory-preserving morphism
(Φ,Φ#) from G to H that is global in time, y0 ∈ N is such that y0 ∈ Φ(M)
and Φ(M) ⊆ RH(y0,GH,pwc), and the fiber Φ−1(y0) is a reachability set for G.
Then for every x0 ∈ Φ−1(y0) we have RG(x0) =M.
Proof The proof is analogous to the proof for Theorem 5 in [7] so we omit it
here. ⊓⊔
Theorem 3 Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m + m′,∞}, and let
r = ∞, as required. Let H = (N,G ) be a Cν-tautological control system that
is globally generated by a family of linearly independent vector fields. Let M
be a Cr manifold and Φ : M → N be a proper submersion. Suppose that
y0 ∈ Φ(M), Φ(M) ⊆ RH(y0,GH,pwc), and Φ−1(y0) is connected. Then there
exists a Cν-tautological control system G = (M,F ) such that there exists a
trajectory-preserving morphism (Φ,Φ#) from G to H. Besides, G is reachable
from every x0 ∈ Φ−1(y0) by GG,pwc.
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Proof By Theorem 1 we know there exists a globally generated Cν-tautological
control system G = (M,F ) such that there exists a trajectory-preserving
morphism from G to H. Since Φ is a submersion, the distribution kerTΦ is a
smooth distribution with constant rank. Consider the sheaf of sets of Cν -vector
fields H such that for each open U ⊆M ,
H (U) = {X ∈ Γ ν(TU) | X(x) ∈ kerTΦ(x), x ∈ U}. (1)
We can define a presheaf of sets of Cν-vector fields F on M such that
F (U) = {X ∈ Γ ν(TU) | X ∈ F (U) or X ∈ H (U)}. (2)
We claim that the tautological control system G(M,F ) satisfies the conditions
stated in the theorem. Here the trajectory-preserving morphism can be chosen
as the trajectory-preservingmorphism fromG to H above. The remaining thing
is to prove that G(M,F ) is reachable from every x0 ∈ Φ−1(y0) by OG,pwc.
For Φ is a proper mapping, by Corollary 1 in [7], we know the trajectory-
preserving morphism from G to H is global in time. Then according to Propo-
sition 5, it remains to show that the fiber Φ−1(y0) is a reachability set for
G. Since Φ is a submersion, Φ−1(y0) is an embedded submanifold of M . By
assumption it is connected, so it is also path connected. If we choose ar-
bitrary points x1, x2 ∈ Φ−1(y0), then there exists a piecewise smooth path
ξ : [0, 1]→ Φ−1(y0) such that ξ(0) = x1, ξ(1) = x2. Then Tξ(t)Φ(ξ
′(t)) = 0 for
each t ∈ [0, 1]. That is, ξ′(t) ∈ kerTΦ(ξ(t)), for each t ∈ [0, 1]. According to
the definition of H , we know that ξ(t) is a trajectory for G with respect to a
piecewise constant etale open-loop system. That is, x2 is reachable from x1 for
G. Since the points x1, x2 ∈ Φ−1(y0) are arbitrary, we have proved that the
fiber Φ−1(y0) is a reachability set for G with respect to GG,pwc. Since for each
point in Φ(M), it is also reachable from y0 for H with respect to a piecewise
constant etale open-loop system, we conclude that G is reachable from every
x0 ∈ Φ
−1(y0) by GG,pwc.
Remark 4 Analogous result in [7] is presented in the context of affine control
systems on Euclidean spaces, where additional assumptions on the drift vec-
tor field are given to preserve the structure of affine control systems. Here
under the framework of tautological control systems, we show that the results
hold for general manifolds, not only Euclidean spaces. With respect to discus-
sions on the correspondence between control systems and tautological control
systems in the following subsection, we can translate the above results into
the language of ordinary control systems. Unlike the situations in [7] where
a previous result on the regularity properties of controls for global control-
lable C1-control system is quoted in the proof, here we prove directly that G
is reachable from every x0 ∈ Φ−1(y0) by piecewise constant etale open-loop
subsystem. This is due to the use of sheaf language, where there are no choice
of parameterisation by control (see (1)). And similar results can be stated for
real analytic tautological control systems by Theorem 2.
The tautological control system G = (M,F ) given in the above theorem
is not globally generated because the set of Cν -vector fields H is a sheaf.
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However, we can construct a globally generated tautological control system
that satisfies the requirement of the above theorem as follows.
Definition 9 LetM be a smooth manifold. A smooth generalized distribution
is a subset D ⊆ TM such that, for each x0 ∈M , the subset Dx0 = D ∩ Tx0M
is a subspace. Besides, there exists a neighbourhood N of x0 and a family
(ξj)j∈J of smooth vector fields, called local generators, on N such that
Dx = spanR{ξj(x)|j ∈ J}
for each x ∈ N . A smooth generalized distribution D is globally finitely gen-
erated, if there exists a family (ξ1, · · · , ξk) of smooth vector fields on M such
that
Dx = spanR{ξ1(x), · · · , ξk(x)}
for each x ∈M .
Theorem 4 [12] Let M be a connected manifold. Let D be a smooth general-
ized distribution on M . Then D is globally finitely generated.
Since kerTΦ is a smooth distribution on M , then according to Theorem 4,
there exist smooth vector fields X1, · · · , Xk on M such that
kerTΦ(x) = span
R
{X1(x), · · · , Xk(x)}. (3)
Consider the globally generated presheaf H such that for each open U ⊆M ,
H˜ (U) = {
k∑
i=1
ciXi|U , ci ∈ R, i = 1, · · · , k}.
Then we define a presheaf of sets of Cν -vector fields F˜ on M such that
F˜ (U) = {X ∈ Γ ν(TU) | X ∈ F (U) or X ∈ H˜ (U)}.
F˜ is globally generated. Given arbitrary points x1, x2 ∈ Φ−1(y0), then for any
piecewise smooth path ξ : [0, 1] → Φ−1(y0) such that ξ(0) = x1, ξ(1) = x2,
locally in a subinterval T
′
there exist smooth functions α1, · · · , αk on open
U ⊆ M such that ξ
′
(t) =
∑k
i=1 αi(ξ(t))Xi(ξ(t)). Let the mapping X : W →
Et(G νTM) be X (t, x) = [
∑k
i=1 αi(ξ(t))Xi]x for each (t, x) ∈ T
′
× U . It satisfies
the conditions (i) (ii) (iii) for the mapping X above. So ξ(t) is a trajectory
for G˜ = (M, F˜ ). Then for the globally generated tautological control system
G˜ = (M, F˜ ), for every x0 ∈ Φ−1(y0) we have RG˜(x0) =M.
Remark 5 For a real analytic generalized distribution on M , we can not con-
clude that it is globally finitely generated. However, with the aid of Cartan’s
Theorem A (see [13]), we know that for each point x0 ∈ M , there exist a
neighbourhood U of x0 and real analytic global sections X1, · · · , Xk such that
the generalized distribution is spanned by these global sections on U . In the
case of real analyticity, kerTΦ is a real analytic distribution on M . We can
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apply the above approach for constructing G˜ to the real analytic systems. The
only difference is that for real analytic systems, there may not be finitely many
global generators for the distribution.
For illustration of Theorem 3 we consider the following examples.
Recall that a fibred manifold is a triple (E, π,M) where E and M are
manifolds and π : E → M is a surjective submersion. A local trivialization of
π around p ∈M is a triple (Wp, Fp, tp) where Wp is a neighbourhood of p, Fp
is a manifold and tp : π
−1(Wp)→Wp × Fp is a diffeomorphism satisfying the
condition
pr1 ◦ tp = π|pi−1(Wp).
A fibred manifold which has at least one local trivialization around each point
of its base space is called locally trivial and is know as a bundle.
Example 2 Let (E, π,M) be a bundle with Fp being a compact connected
manifold (e.g.principal SO(n)-bundle over an orientable n-dimensional Rie-
mannian manifold M). Let H = (M,G ) be a C∞-tautological control system
that is globally generated by a family of linearly independent vector fields. Sup-
pose that H is reachable from x0 ∈ M . Then there exists a C∞-tautological
control system G = (E,F ) such that there exists a trajectory-preserving mor-
phism (Φ,Φ#) from G to H. Besides, G is reachable from every p0 ∈ π−1(x0).
Example 3 Consider the Mobius band M , whose total space may be con-
structed from the topological space [0, 1] × (0, 1) by identifying the points
(0, y) and (1, 1−y), Giving the quotient space the structure of a 2-dimensional
smooth manifold, the image of the set of points [0, 1]×{ 12} under the quotient
map is then diffeomorphic to the circle S1, and the projection [0, 1]× (0, 1)→
[0, 1] × { 12} passing to the quotient is a surjective submersion from the Mo-
bius band to the circle. Let G be globally generated by eiθu, u ≥ 0. Then
the tautological control system H = (S1,G ) is reachable from every point in
S1. The vector field θ ∂
∂x
and the smooth distribution span
R
{ ∂
∂y
} on R2 are
projectable by the quotient map. Then we get globally defined complete vec-
tor field f and smooth 1-dimensional distribution D on the Mobius band. Let
the presheaf F be defined by F (U) = {X ∈ Γ∞(TU) | X = cf |U, c ≥
0 or X(x) ∈ D(x), ∀x ∈ U}, where U is an open set of the Mobius band. Then
from Theorem 3 we know that there exists a trajectory-preserving morphism
from G = (M,F ) to H. And the tautological control system G is reachable
from every point of the Mobius band.
In the remaining part of this section, we will discuss how the above reach-
ability results can be extended to controllability results.
We say that a tautological control system G is small-time locally control-
lable from x0 if there exists T ≥ 0 such that x0 ∈ int(RG(x0,≤ t)) for each
t ∈ (0, T ].
Proposition 6 Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m + m′,∞}, and
let r = ∞, as required. Let H = (N,G ) be a Cν-tautological control system
that is globally generated by a family of linearly independent vector fields. Let
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M be a Cr manifold and Φ : M → N be a proper submersion. Suppose that
y0 ∈ Φ(M), and H is small-time locally controllable from y0, and Φ−1(y0) is
connected. Then there exists a Cν-tautological control system G = (M,F )
such that there exists a trajectory-preserving morphism (Φ,Φ#) from G to H.
Besides, G is small-time locally controllable from every x0 ∈ Φ−1(y0).
Proof Consider the tautological control system G(M,F ) as given in equa-
tion (2). We claim that G is small-time locally controllable from every x0 ∈
Φ−1(y0).
Let x0 ∈ Φ−1(y0). Since H is small-time locally controllable from y0, we
know that there exists T > 0 such that y0 ∈ int(RG(y0,≤ t)) for each t ∈
(0, T ]. Then given t ∈ (0, T ], there exists an open set U such that y0 ∈ U ⊆
int(R
G
(y0,≤ t)). Since Φ is a submersion, there exists a local neighbourhood
V of x0 such that Φ(V ) ⊆ U . For any x ∈ V , we have Φ(x) ∈ U . Then
Φ(x) is reachable from y0 in time at most t. By the mapping Φ
#, we know
that x is reachable from some point x¯ ∈ Φ−1(y0) in time at most t. On the
other hand, since Φ−1(y0) is connected, then for arbitrary ǫ > 0, there exists
a piecewise smooth path ξ : [0, ǫ] → Φ−1(y0) such that ξ(0) = x0, ξ(ǫ) = x¯,
where ξ(t) is a trajectory for G with respect to a piecewise constant etale
open-loop system. So x is reachable from x0 in time at most t + ǫ. That is,
x0 ∈ int(RG(x0,≤ t+ ǫ)). So G is small-time locally controllable from x0 due
to the arbitrarity of t and ǫ.
3.3 Correspondence between control systems and tautological control systems
In this section, we will investigate the relations between the notion of lifting
and morphisms of tautological control systems. First we recall the notion of
lifting control systems.
Let m ∈ Z≥0 and m′ ∈ {0, lip}, let ν ∈ {m +m′,∞}, and let r = ∞, as
required. Recall the used notations in Definition 6, then we have
Definition 10 [7] Let Σ1 = (M1, F1,C1) and Σ2 = (M2, F2,C2) be two C
ν-
control systems and let Φ : M1 → M2 be a Cr mapping. We say that Σ2 is
liftable to Σ1 if there is a mapping l : C2 → C1 such that for every u ∈ C2 the
Cν -vector fields F
l(u)
1 and F
u
2 are Φ-related.
Given two Cν -control systems
Σ1 = (M1, F1,C1), Σ2 = (M2, F2,C2),
we associate the Cν -tautological control systems
GΣ1 = (M1,FΣ1),GΣ2 = (M2,FΣ2),
as introduced in Section 2.
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Proposition 7 Suppose the Cν-vector fields Fu2 , u ∈ C2 are linearly indepen-
dent, then the Cν-control system Σ2 is liftable to Σ1 if and only if there exists
a trajectory-preserving morphism from the Cν-tautological control system GΣ1
to GΣ2 .
Proof To prove the ”only if” part, suppose that Σ2 is liftable to Σ1 via Φ :
M1 →M2, then there exists a mapping l : C2 → C1 such that
TxΦ(F1(x, l(u))) = F2(Φ(x), u), (4)
for each x ∈M1, u ∈ C2. For each open V ⊆M2, let Φ
#
V : FΣ2(V)→ Φ∗FΣ1(V)
be defined as
Φ#V (F
u
2 |V) = F
l(u)
1 |Φ
−1(V).
Since the Cν -vector fields Fu2 , u ∈ C2 are linearly independent, then the map-
ping u→ Fu2 |V from C2 to Γ
ν(TV) is injective. So Φ#V is well defined. (Φ,Φ
#)
satisfies condition (ii) in Definition 2 becuase Fu2 , u ∈ C2 are linearly inde-
pendent. This means that (Φ,Φ#) is a morphism from GΣ1 to GΣ2 . It is also
a trajectory-preserving morphism because of (4). To prove the ”if” part, let
(Φ,Φ#) be trajectory-preserving morphism from GΣ1 to GΣ2 . Then for every
u ∈ C2, there exists u¯ ∈ C1, such that
TxΦ(F
u¯
1 ) = F
u
2 (Φ(x)), (5)
for each x ∈ M1. Let l : C2 → C1 be l(u) = u¯. Then according to equation
(5), we know that Σ2 is liftable to Σ1 with lifting function l : C2 → C1. This
completes the proof.
Remark 6 LetΣ1 andΣ2 be two control-affine systems withΣi = (Mi, Fi,R
mi).
Suppose that F2(y, u) = f0(y) +
∑m2
a=1 u
afa(y), where f0, f1, · · · , fk are linear
independent. Then the Cν -control system Σ2 is liftable to Σ1 via an affine
mapping l : Rm2 → Rm1 , if and only if there exists a trajectory-preserving
morphism from the Cν -tautological control system GΣ1 to GΣ2 .
Given two globally generated Cν-tautological control systems
G1 = (M1,F1),G2 = (M2,F2),
we can associate the Cν-control systems
ΣG1 = (M1, FF1 ,CF1), ΣG2 = (M2, FF2 ,CF2)
as introduced in Section 2.
Proposition 8 Suppose that G2 is globally generated by a family of linearly
independent vector fields. There exists a trajectory-preserving morphism from
G1 to G2 if and only if the control system ΣG2 is liftable to ΣG1 .
Proof The proposition can be proved directly. It can also be seen as a corollary
of Proposition 7. This can be explained as follows. By assumption, for each
X ∈ CF2 = F2(M2), F
X
F2
= X are linearly independent. Then according
to Proposition 7, the control system ΣG2 is liftable to ΣG1 if and only if
there exists a trajectory-preserving morphism from the Cν -tautological control
system GΣG1 to GΣG2 . On the other hand, from Proposition 3 we know that
GΣGi = Gi, i = 1, 2. This yields the result.
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4 Control systems of second-order type
This section contains an example of second-order type control systems as an
application of our results in Section 3. Compared with Theorem 11 in [7], we
get supplementary results due to the special structure properties of this class
of control systems. Let’s first introduce the definition of control systems of
second-order type.
Definition 11 A second-order type control system is a C∞ control-affine sys-
tem Υ
′
(t) = f0(Υ (t)) +
∑k
i=1 u
ifi(Υ (t)), u
i ∈ R, i = 1, · · · , k on the tangent
bundle TQ of a connected smooth manifold Q such that TyπTQ(f0) = y and
TyπTQ(fi) = 0, i = 1, · · · , k, for all y ∈ TQ. Here f0, f1, · · · , fm are smooth
vector fields on TQ. A second-order type tautological control system is a C∞-
tautological control system G such that G = GΣ where Σ is a second-order
type control system.
In terms of coordinates (xi, yi) where yi are the canonical fiber coordinates
corresponding to coordinates xi on Q, a second-order type control system has
the following local form
xi′ = yi,
yi′ = Γ i(x, y) +
k∑
j=1
ujgij(x, y). (6)
The class of second-order type control systems is an attractive subject of re-
search, not only because they are abundant in real lift but also they offer very
interesting mathematical problems. Questions like controllability, accessibil-
ity, stabilization provide the starting point for very interesting mathematical
theories. A typical class of second-order type control system is Lagrangian
mechanical control system (see [14]), for which the control properties can be
characterized by using the underlying geometric structures.
In this section, we will restrict the main questions introduced in Section
1 to the class of second-order type control systems. That is, given a second-
order type tautological control system H on the tangent bundle TQ of the
configuration manifold Q, and a mapping φ : P → Q where P is a smooth
manifold, we want to look for a second-order type tautological control system
G on the tangent bundle TP of the configuration manifold P such that there
is a trajectory-preserving morphism from G to H. Besides, we will provide
sufficient conditions such that the reachability of H can imply the reachability
of G. Here we state the questions under the framework of tautological control
systems to deal with distinctions between local and global, and to lift the
control systems such that it is well-defined both locally and globally.
Given a second-order type control system
Σ2 : Υ
′(t) = g0(Υ (t)) +
k∑
i=1
uigi(Υ (t)), u
i ∈ R, i = 1, · · · , k (7)
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on the tangent bundle TQ of the configuration manifold Q, in the following
we will suppose that g1, · · · , gk are linearly independent.
Proposition 9 Let Σ2 be a second-order type control system on the tangent
bundle TQ of the configuration manifold Q. Let HΣ2 = (TQ,FΣ2) be its asso-
ciated second-order type tautological control system. Let φ : P → Q be a sub-
mersion, where P is a smooth manifold. Then there exists a second-order type
tautological control system GΣ1 = (TP,FΣ1) such that there is a trajectory-
preserving morphism from GΣ1 to HΣ2 .
Proof Since Φ is a submersion, for each point xα ∈ P , there exists a neighbour-
hood Uα of xα, and a smooth vector field fα0 on TUα such that TyTφ(f
α
0 ) =
g0, TyπTP (f
α
0 ) = y, for each y ∈ TUα. By using partition of unity subor-
dinated to the open cover {Uα} and by the linearity of the derivative of a
differentiable mapping, we can get a smooth vector field f0 on TP such that
TyTφ(f0) = g0, TyπTP (f0) = y, for each y ∈ TP . Similarly, we can get smooth
vector fields f1, · · · , fk on TP such that TyTφ(fi) = gi, TyπTP (fi) = 0, i =
1, · · · , k, for each y ∈ TP . Let Tφ#(g0 +
∑k
i=1 u
igi) = f0 +
∑k
i=1 u
ifi, for
each ui ∈ R, i = 1, · · · , k. Consider the second-order type control system
Σ1 : η
′(t) = f0(η(t)) +
∑k
i=1 v
ifi(η(t)), v
i ∈ R, i = 1, · · · , k on the tangent
bundle TP of the configuration manifold P . Since g1, · · · , gk are linearly inde-
pendent, we know that (Tφ, Tφ#) defines a trajectory-preserving morphism
from GΣ1 = (TP,FΣ1) to HΣ2 .
Theorem 5 Let Σ2 be a second-order type control system on the tangent bun-
dle TQ of the configuration manifold Q. Let HΣ2 = (TQ,FΣ2) be its associated
second-order type tautological control system. Let φ : P → Q be a submersion,
where P is a smooth manifold. Suppose that z0 ∈ φ(P ) is such that g0(z0, 0) =
0 and φ−1(z0) is connected, T (φ(P )) ⊆ RHΣ2 ((z0, 0),GHΣ2 ,pwc). Then there
exists a second-order type tautological control system GΣ1 = (TP,FΣ1) such
that there exists a trajectory-preserving morphism from GΣ1 to HΣ2 , and if
the morphism is global in time, then GΣ1 is reachable from every (x0, v0) ∈
T (φ−1(z0)).
Proof Since φ is a submersion, then according to (3), there exist smooth vector
fields X1, · · · , Xl on P such that
kerTφ(x) = span
R
{X1(x), · · · , Xl(x)},
for all x ∈ P . Consider now the second-order type control system Σ1
η′(t) = f0(η(t)) +
k∑
i=1
vifi(η(t)) +
l∑
j=1
ωjXvlftj (η(t)),
vi, ωj ∈ R for i = 1, · · · , k, j = q, · · · , l, where f0, f1, · · · , fk are the vector
fields on TP given as in Proposition 9 and Xvlftj denotes the vertical lift of the
vector field Xj on P (see [14]).
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We claim that Tφ−1(z0, 0) is a reachability set for GΣ1 . To prove it, for
φ−1(z0) is an embedded submanifold of P , denote the embedding map by
i : φ−1(z0) → P . We have T i(T (φ−1(z0))) = (Tφ)−1(z0, 0). Choose ar-
bitrary points (x1, v1), (x2, v2) ∈ (Tφ)−1(z0, 0). Since φ−1(y0) is connected,
there exists a piecewise smooth path ξ : [0, 1] → φ−1(y0) such that i(ξ(0)) =
x1, T i(ξ
′(0)) = v1, i(ξ(1)) = x2, T i(ξ
′(1)) = v2. LetΞ(t) = (i(ξ(t)), T i(ξ
′(t))) ∈
Tφ−1(z0, 0). Since TyπTP (f0) = y, we have
TπTP (Ξ
′(t)− f0(Ξ(t)) = T i(ξ
′(t))− T i(ξ′(t)) = 0. (8)
Besides,
TTφ(Ξ ′(t)− f0(Ξ(t)) = 0− g0(z0, 0) = 0− 0 = 0. (9)
According to (8) and (9), we have
Ξ ′(t)− f0(Ξ(t)) ∈ spanR{X
vlft
1 (Ξ(t)), · · · , X
vlft
l (Ξ(t))},
for t ∈ [0, 1]. It follows that there exist piecewise smooth functions ωj : [0, 1]→
R, j = 1, · · · , l, such that
Ξ ′(t) = f0(Ξ(t)) +
l∑
j=1
ωj(t)Xvlftj (Ξ(t)).
Since the piecewise smooth functions ωj satisfy ωj ∈ L∞loc([0, 1];R), then ac-
cording to Proposition 2, Ξ(t) is a trajectory for GΣ1 . This means Tφ
−1(z0, 0)
is a reachability set for GΣ1 . Then we know that GΣ1 is reachable from every
(x0, v0) ∈ T (φ−1(z0)) by Proposition 5.
Remark 7 Consider the second-order type control system (7). According to
Theorem 11 in [7], locally there exists an affine control system Σ on TP with
2n− 2m+ k inputs such that it satisfies the requirement of Theorem 11. Here
n −m is the rank of the distribution kerTφ. This result is improved by our
Theorem 5 in the following aspects. First, Σ can be required to admit the
structure of second-order type. Second, locally the number of inputs can be
reduced to n−m+ k. Third, a globally defined control system is derived.
Example 4 Given an affine connection control system Σ2 on the configuration
manifold Q (see [14]),
∇γ′(t)γ
′(t) =
q∑
r=1
urgr(γ(t)),
it can be written as an affine control system on TQ
Υ ′(t) = S(Υ (t)) +
q∑
r=1
urgvlftr (γ(t)).
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Using the same reasoning as above, we obtain an affine connection control
system Σ1
∇η′(t)η
′(t) =
n−m+q∑
j=1
vjfj(η(t)),
on the configuration manifold P such that Σ2 can be liftable to Σ1 via a surjec-
tive submersion φ : P → Q. Furthermore, suppose that φ−1(z0) is connected
for z0 ∈ Q and Σ2 can be liftable to Σ1 globally in time, then if Σ2 is control-
lable from the zero velocity point of z0, we can assert that Σ1 is controllable
from every (x, v) ∈ T (φ−1(z0)).
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